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Abstract
The Langberg-Médard multiple unicast conjecture claims that for a strongly reach-
able k-pair network, there exists a feasible multi-flow with rate (1,1,...,1). In this

paper, we show that the conjecture holds true for k = 3.

1 Introduction

A (k,1)-network refers to a 4-tuple N' = (V, A, S,T) which consists of a directed acyclic
graph D = (V, A), a set S = {s1,S2,..., 8k} of vertices with zero indegree, called sources
(or senders), and a set T = {t1,ts,...,t;} of vertices with zero outdegree, called sinks (or
receivers). In this paper, we are mainly concerned with (k, k)-networks, typically referred to
as k-pair networks in the literature and henceforth so in this paper.

Roughly put, the multiple unicast conjecture, also known as the Li-Li multiple unicast
conjecture [12], claims that for any k-pair network, if information can be transmitted from
all the senders to their corresponding receivers at rate (dy,ds,...,d;) via network coding,
then it can be transmitted at the same rate via undirected fractional routing. One of the
most challenging problems in the theory of network coding [17], this conjecture has been
doggedly resisting a series of attacks [1, 2, 3, 4, 7, 8, 11, 13, 15, 16, 18] and is still open to
date.

A (k,l)-network N is said to be strongly reachable if there exists an s;-t; directed path
Py, 4, for all 4,5 such that Py, 4, Ps, s, , Ps, 1, are arc-disjoint for any j. Throughout the
paper, we will reserve the notations P;; and P, where

P, :={P,,:i=12,... .k}, P:=U_P,.

We emphasize here that the choice of each P;,;, may not be unique, which means that the
choice of each Py, and that of P may not be unique.

*This work has been partly presented in IEEE ISIT 2020 [5].
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The following Langberg-Médard multiple unicast conjecture [11], which deals with strongly
reachable k-pair networks, is a weaker version of the Li-Li multiple unicast conjecture.

Conjecture 1.1. For any strongly reachable k-pair network, there exists a feasible undirected
fractional multi-flow with rate (1,1,...,1).

The Langberg-Médard multiple unicast conjecture was first proposed in 2009 [11]. In
the same paper, the authors constructed a feasible undirected fractional multi-flow with rate
(1/3,1/3,...,1/3) for strongly reachable k-pair networks. Recently, we have improved 1/3
to 8/9 for a generic k in [1] and to 11/12 for k = 3,4 in [4].

In this paper, we will establish Conjecture 1.1 for k£ = 3. In a nutshell, our approach
is based on the ideas and techniques developed in our previous work [1]-[4] and a delicate
topological classification of the so-called minimal 3-pair networks. Related work on network
topology analysis can be found in [10] and [6].

The rest of this paper is organized as follows. In Section 2, we recall some basic notions
and facts on the undirected fractional multi-flow. In Section 3, we introduce the notion of
regular network which allows us to put Conjecture 1.1 into an equivalent form. Then, in
Sections 4 and 5, we analyse the topologies of a minimal (3, 2)-network and a minimal 3-pair
network, respectively. Finally, our main result is stated and proved in Section 6.

2 Undirected Fractional Multi-Flows

In this section, we consider a strongly reachable k-pair network and adopt the associated
notations as introduced in Section 1.

For a directed path or an arc P starting from v € V and ending at v € V, we say u
and v are the tail and the head of P, denoted by tail(P) and head(P), respectively. For any
s,t € V, an undirected fractional s-t flow (in simple, an s-t flow) ! is a function f: A — R
satisfying the following flow conservation law: for any v ¢ {s,t},

excesss(v) = 0, (1)
where
excessy(v) = Z fla) — Z f(a). (2)
a€A: tail(a)=v a€A: head(a)=v
It is easy to see that for any s-t flow f, excesss(s) = —excesss(t), which is called the rate

(or value) of f. We say f is feasible if |f(a)] <1 for all a € A.

Given a k-pair network N’ = (V, A, S, T), for any ¢ = 1,2,...,k, let f; be an s;-t; flow,
where s; € S and t; € T. We will refer to F = {f1, fo, ..., fx} as an undirected fractional
multi-flow (in simple, a multi-low) with rate (dy,ds, ..., dy), where d; is the rate of f;. F is

said to be feasible if
S i) <1

1<i<k

for all a € A.

IThe undirected fractional flow /multi-flow defined for directed graph in this paper, which can be negative,
is equivalent to that defined in [14] for undirected graphs, which has to be non-negative.



For a strongly reachable network N, we can define the linear multi-flow as follows. Given
a choice P of NV, for each Py, 1, € P, we first define an s;-t; flow f;; as

1, a belongs to P, .,
Fiota) = { g 10 P

0, otherwise.

Then, a multi-flow F = {f1, fa, ..., fx} is said to be linear (by default, with respect to P) if
for each feasible [, there exist cflj) eR, 1< 4,5 <k, such that

k
fi= Z Cz(,l])-fzyj; (3)
ij=1

in which case F can be equivalently represented by its matriz form

C = (e (), ()

otherwise, it is called non-linear.
The following theorem has been established in [4].

Theorem 2.1. A linear multi-flow F has rate (1,1,...,1) if and only if all cz(lj) in (3) satisfy

k kE k

cz(lg =0, foralli#1, chlj) =0, forallj #1, Z cflj) =1, for alll. (4)

g =1 i=1 j=1
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(a) : The s;-t; flow fi (b) : The so-ty flow fo

Figure 1: A linear multi-flow.

Example 2.2. Consider the butterfly network depicted in Fig. 1, which is a strongly reach-
able 2-pair network with an unique choice of P = { P, ;; : 1 <i,j < 2}. It is easy to check



that the multi-flow F = (f1, f2) given in Fig. 1 is linear with rate (1, 1) and the corresponding

matrix form is
1 -1 1
(L)1 1)
2 1 1

ie., fi = %fm + ifl,Z — }lf2,2 + %le and fy = %f2,2 + }Lf2,1 — %fm + ifl,Q- Noting that

PN N[OV

NS

fi(@)] + 1 fala)| = { % a € {51, ta], [52, a]};

otherwise,

we see that F is feasible. On the other hand, it can be verified that the multi-flow F =
{f1, f2} given in Fig. 2 also has rate (1,1) but is non-linear.
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(a) : The Sl‘tl flow fl (b) : The SQ—tQ flow fg

Figure 2: A non-linear multi-flow.

3 Regular (k,[)-Networks

We start with the definition of regular network.

Definition 3.1. [Regular (k,[)-network] A (k,l)-network N' = (V, A, S,T) is said to be
reqular if it is strongly reachable and for each v € V' \ T, either the indegree deg*(v) =1 or
the outdegree deg—(v) = 1.

In this paper, we will establish Conjecture 1.1 for k = 3 by proving the following equiva-
lent conjecture. Note that the only difference between the two conjectures is that “strongly
reachable” in Conjecture 1.1 is replaced by “regular” in Conjecture 3.2.

Conjecture 3.2. For any reqular k-pair network, there exists a feasible undirected fractional
multi-flow with rate (1,1,...,1).



To see the equivalence between the two conjectures, we first note that Conjecture 1.1
trivially implies Conjecture 3.2. To prove the other direction, for a strongly reachable k-
pair network N, we perform the following operations: (1) for each vertex w with indegree
degt(w) = m > 1 and outdegree deg™ (w) = n > 1, we replace it by a directed bipartite graph
K, ,, with vertex set {uq,ua, ..., Up,v1,02,...,0,} and arc set {[u;,v;]: 1 <i<m;1 <j<
n}, and moreover, replace each of its incoming arc [w], w] by [w}, u;], i = 1,2, ..., m, and each
of its outgoing arc [w,w]] by [v;, w5], j = 1,2,...,n; (2) for each source s; with outdegree
deg~(s;) =n > 1, we replace s; by an arc [s;, s;] and replace each of its outgoing arc [s;, v;]
by [s;,v;], 7 = 1,2,...,n. It can then be readily verified that the newly obtained network
N is regular and each feasible undirected fractional multi-flow of N can be mapped to one
in A with the same rate. Hence, Conjecture 3.2 implies Conjecture 1.1.

Henceforth, we assume N' = (V, A, S, T) is a regular (k,[)-network. To avoid cumbersome
wording, we refer to a path from Py, as a Py -path, and moreover, an arc on a Py -path as
a Py-arc. Here, we note that a Py -arc can be simultaneously a P, -arc for some j' # j; if
such j" does not exist, the arc is said to be a pure Py -arc.

For ease of presentation, we will henceforth follow [9] and “draw” (or in geometrical
terms, “embed”) A in R3, and as such, N will be treated as a set of points in R3. More
specifically, we identify each vertex v € V as a point in R?, still denoted by v, and each
arc [u,v] € A as a curve ? [u,v] C R? such that for any two arcs [uy, vy], [uz, ve] € A, the
corresponding curves satisfy [uq, v1] N [ug, vo] = {uy, v1} N {ug, vao}.

With this viewpoint, it is possible to state the following theorem (and all the results in
later sections) using set-theoretical and topological notions.

Theorem 3.3. For a regular (k,l)-network N, the following statements hold.

1) For any ui-vy path Py and ug-ve path Pa, PP 0 Pscontains no isolated point, where PP =
P\ {u;, v} fori=1,2.

2) For any s;,-tj, path Py and s;,-t;, path Py, if j1 # ja, then Py N Py contains no isolated
point; in particular, for any Py € Py, and Py € Py, , if j1 # j2, then Py N Py contains
no 1solated point.

3) For any fived j, Npep, P = {1;}.

Proof. By Definition 3.1, there is no isolated point v € P N Py since otherwise v would be
a vertex of A/ whose indegree and outdegree are both at least 2. Hence 1) holds. By the
definition, each source of a regular (k,[)-network has indegree zero and outdegree 1, and
hence 2) holds by applying 1). Noticing the arc-disjointness of all P, -paths for a fixed j and
by applying 1), we conclude that 3) holds. O

Remark 3.4. Statements 2, 3) of Theorem 3.3, which do not hold true for a strongly reach-
able (k, [)-network that is not regular, will play an important role in topologically categorizing
regular (3,2)-networks in the next section.

Definition 3.5. [Semi-Cycle [6]] Given a choice of Py, a subgraph C' of N is said to be a
P, -semi-cycle if it becomes a directed cycle after reversing the direction of each Py -arc (not
necessarily pure).

2A curve [u,v] is the image of the unit interval [0, 1] under a homeomorphism such that 0 is mapped to
u €R3 and 1 to v € R3.



A Py-semi-cycle C is said to be of order n if C:=0Cn (Upep,, P) has n connected
components [u;, v;], i = 1,2,...,n. It is easy to see that C' has no isolated point. Hence,
all [u;, v;] are subpaths of P, -paths and we will call each u; (resp. v;) a tail (resp. head) of
C'. For each Py -semi-cycle C, clearly, (C' Upep,, P\ C) ULy {u;, v} provides an alternative
choice of Py,. For this reason we call (C'\ C) U, {u;, v;} a Py, -crossing of order n associated

to C'. Note that for this alternative choice of Py, C' is still a Py -semi-cycle while C is the
associated Py -crossing. Consequently, a Py -semi-cycle C' can be written as the union of two
associated Py -crossings, each corresponding to a choice of P;;. More formally, we will often

in the following write C' = 6\1 U 6\2, where 6\1 (resp. 6\2) is a Py;-crossing if 6\2 C Upeptjp
(resp. 6'\1 C Upep,, P); see Fig. 3 for an illustrative example.

U1 U2 U3

Psl.f,l P@g‘fl

U1 U2 U3

Figure 3: A Py, -semi-cycle C of order 3 with heads {vy, vy, v3} and tails {uy, us,us}. C =
Cl U CQ where Cl = [ul,vl] U [UQ,UQ] U {Ug,Ug] and Cg = [ul,UQ] U [UQ,Ug] U [Ug,Ul]. If
C, C Upep,, P (as shown in the figure) then Cy is a Py -crossing and if Cy C Upep,, P then

() is a Py, -crossing.

Lemma 3.6. A regular (k,1)-network N has no Py, -semi-cycle/crossing if and only if the
choice of Py, is unique.

Proof. The “if 7 part is trivial. For the other direction, we suppose there exist two choices
of Py, say, PS) and Pg). Then,

N = U @aurk)\(AnP)

PiePy) PreP(?

is not empty. Now, we reverse the direction of each PS)—arc in M’j to obtain /\/'t’]’ . Then,
noticing that Npep, P = {t;} for each choice of P, we infer that for any v # t;, deg™(v) =
deg™(v) = 1 and deg~(t;) = deg™(t;). Hence, /\/’t’; is an Eulerian directed graph and com-
posed of arc-disjoint directed cycles, each corresponding to a Py -semi-cycle of N by defini-
tion. 0

Remark 3.7. According to the proof of Lemma 3.6, we can have that: For any Py -arc,
either it is a P -arc for all choice of Py; or it belongs to a Py -semi-cycle.

Definition 3.8. [Minimal (k,[)-Network] A (k,)-network A is said to be minimal if it is
regular yet ceases to be regular upon removal of any of its arcs.

In the following two sections, we will investigate the topological properties of minimal
(3,2)-networks and minimal 3-pair networks.



4 Minimal (3,2)-Networks

In this section, we aim to derive all the possible topologies of a minimal (3, 2)-network. To
that end, we first consider a regular (3,2)-network A/ and obtain some lemmas, which are
also useful in the next section. For notational convenience, for any choice of P;, and Py, of
a regular (3,2)-network N, we rewrite Py, s, € Py, and Py, 4, € Py, as r; and g;, 1 = 1,2, 3,
respectively, and rewrite P;, and P, as r and g, respectively.

4.1 Useful Lemmas
In this subsection, we consider a regular (3,2)-network A/, which is not necessarily minimal.

Lemma 4.1. A regular (3,2)-network N is minimal if and only if N' = Upe,ugp and has no
semi-cycle (i.e., r-semi-cycle or g-semi-cycle).

(758 U1 (758 v

w1 w1
w2 W
V2 L)
V3 U3
U2 U2
u3 w3 u3 W3
Uy Uy
(a) (b)

Figure 4: Illustrations for the proof of Lemma 4.1, where pure g-arcs and pure r-arcs are
colored green and red, respectively. (a) illustrates a g-semi-cycle C' consisting of [uq, vs],
[v1, w1, wa, us] (each a subpath of some g-path) and [uy, us], [v1,v2] (each a subpath of some
r-path). Note that C' is not an r-semi-cycle. As shown in (b), after removing all pure g-arcs
in C', one can find an alternative g.

Proof. The “if” part immediately follows from the fact that both r and ¢ are unique due
to Lemma 3.6. For the other direction, suppose r and g be a choice of P;, and Py,, clearly
we have N = Upe,uyp by the minimality of N. Now, we assume, without loss of generality,
there is a g-semi-cycle C. Then, C' has at least one pure g-arc, since otherwise all arcs of
C would be r-arcs, which is impossible by 3) of Theorem 3.3. Removing all the pure g-arcs
within C, we will obtain a regular (3,2)-network (see Fig. 4 for an illustrative example),
contradicting the minimality of N. O

Given a regular (3,2)-network A and a choice of r and g, for any r; € r, let r;|, denote
the intersection of r; with g-paths, or more precisely,

rilg =i N (U, g5)- (5)

7



Let ¢9(r;) be the number of connected components of r;|, and r{(1),r7(2),...,7](¢(r;)) be
all the connected components listed from upstream to downstream along the direction of
ri. According to Theorem 3.3, for each feasible [, r7(I) is a subpath of r; (rather than an
isolated point). Denote by 77(1,1+ 1) the subpath of r; from the head of rJ(l) to the tail of
r?(l 4+ 1). Note that with r and g swapped, notations like g;|, and g/ (l) can be defined in a
parallel fashion. As there are only two groups of paths under consideration, we may in the
following omit the superscripts and write 77(1), 09(r;), gr (1), €"(g;) as r;(1),€(r:), g:(1), £(gs),
respectively.

Note that by the regularity of N, each source s; has indegree zero and outdegree 1, and
hence for any choice of r and g, we have r;(1) = g;(1), for all ¢ = 1,2,3. Given a choice of r
and g, a semi-cycle/crossing is said to be uppermost if each tail of the semi-cycle/crossing is
a head of 7;(1) = g;(1) for some feasible i. We have the following lemmas.

S1 59 S3 S1 S92 53

I8! T2 T3 1 T2 T3

(a) (b)

Figure 5: Illustrations for the proof of Lemma 4.2.

Lemma 4.2. Given a choice of v and g of N, if there exists no uppermost r-semi-cycle,
then there exists g; € g such that {(g;) = 1; in particular, if N is minimal, then there exists
gi € g such that £(g;) = 1.

Proof. First of all, we consider the path g;. If ¢(g;) = 1, then there is nothing to prove.
Hence, we suppose in the following that ¢(g;) > 1. If ¢1(2) C ry, then g;(1,2) forms an
r-crossing such that its tail is the head of (1) = g1(1). Hence, we assume in the following
that ¢1(2) C ro (see Fig. 5(a)).

Now, we consider the path go. As before, we suppose in the following that ¢(g2) > 1. By
the same arguments as above, we have go(2) € ro. Moreover, it holds that go(2) € r; since
otherwise ¢1(1,2) and go(1,2) form an r-crossing of order 2 such that its two tails are the
heads of (1) = ¢1(1) and r9(1) = g2(1), which implies that g,(2) C r3 (see Fig. 5(b)).

Finally, consider the path g3 and suppose, by way of contradiction, that ¢(gs) > 1. Then,
similarly as above, we have ¢3(2) € r3 and g3(2) € 7. Moreover, we have g3(2) Z
since otherwise g1(1,2), g2(1,2) and g3(1,2) form an r-crossing of order 3 such that its three
tails are the heads of r1(1) = ¢1(1), r2(1) = go(1) and r3(1) = g3(1). Hence, we obtain a
contradiction to the existence of g3(2) and thus ¢(g3) = 1, as desired. O

8



By swapping r and g of Lemma 4.2, we have that if there exists no uppermost g-semi-
cycle, then there exists r; € r such that ¢(r;) = 1. In fact, we can further have the following
lemma.

Lemma 4.3. Given a choice of v and g of N, if there exists no uppermost r-semi-cycle,
then for any j such that (r;) = 1, there exists i # j such that £(g;) = 1; in particular, if N
is minimal, then for any j such that {(r;) =1, there exists i # j such that ((g;) = 1.

Proof. Without loss of generality assume /(1) = 1. By Lemma 4.2, there exists g; € g such
that ¢(g;) = 1. If i # 1, then the lemma is true. So, we suppose in the following ¢(g;) = 1.

We first consider the path go. If £(g2) = 1, then the lemma is true. Hence, we suppose
in the following ¢(gs) > 1. Clearly, ¢g2(2) Z 7o since otherwise go(1,2) forms an uppermost
r-crossing; and go(2) Z ry since £(r;) = 1. Hence, ¢2(2) C 3.

Now, consider the path gs. If ¢(g3) = 1, then we have done. Hence, we suppose in
the following ¢(g3) > 1. Clearly, g3(2) € r3 since otherwise g3(1,2) forms an uppermost
r-crossing; and g3(2) € o since otherwise go(1,2) and g3(1,2) form an uppermost r-crossing.
It then follows that g3(2) C ry, which however contradicts ¢(ry) = 1. O

Clearly, by swapping r with g of Lemma 4.3, we have that if there exists no uppermost
semi-cycle, then for any ¢ such that ¢(g;) = 1, there exists j # i such that £(r;) = 1.

Definition 4.4. [pseudo-minimal (3,2)-network] A regular (3,2)-network A is said to be
pseudo-minimal if there exists a choice of r and g such that N' = Upe,yp and @ # j such
that ((g;) = £(r;) = 1.

According to Lemma 4.2 and Lemma 4.3, if N' = U,¢,gp has no uppermost semi-cycle,
then it is pseudo-minimal; in particular, a minimal (3, 2)-network A is pseudo-minimal. This
fact will play a key role in our treatment.

4.2 Topologies of Minimal (3,2)-network

In this subsection, we will derive all the possible topologies of a minimal (3,2)-network N.
We say N = Upe,ugp 18 non-degenerated if there exists an unique choices of ¢ # j such that
((g;) = {(r;) = 1, and degenerated otherwise. We will first deal with the degenerated case
and then the non-degenerated case. The following simple observation will be frequently used.

Lemma 4.5. For any feasible I, if r;(1) C g;, then ri(l + 1) € g;; similarly, if g;(1) C r;,
then g;(1+1) & r;.

Proof. 1If r;(1) C g; and r;(I + 1) C g;, then r;(I,1 4+ 1) forms a g-crossing, contradicting the
minimality of N [
Theorem 4.6. A degenerated N has three possible topologies as in Fig. 6.

Proof. We will deal with the following two cases:

1) There exists ¢ such that ¢(r;) = €(g;) = 1. In this case, by Lemma 4.3, we have the
following subcases:



& £y

()

Figure 6: Possible topologies of a degenerated N

1.1) There exists j # i such that ¢(g;) = 1 and ¢(r;) = 1. In this case, it is easy to
see that there exists [ distinct from both i and j such that ¢(r;) = ¢(g;) = 1, as
shown in (a) of Fig. 6.

1.2) There exist j # ¢ and [ # ¢ such that ¢(r;) = 1 and ¢(g;) = 1. In this case, if
¢(g;) = 1, we have Case 1.1); otherwise, we have g;(2) = r;(2), as shown in (b) of
Fig. 6.

2) For all i = 1,2,3, {(r;) = £(g;) = 1 does not hold. In this case, there exist distinct i, j, [
such that ¢(r;) = {(r;) = £(g;) = 1. We consider r; and have either “r;(2) = ¢;(2) and
r(3) = ¢:(2)”, as shown in (¢) of Fig. 6, or “r(2) = ¢;(2) and r,(3) = g;(2)”, as shown
in (c) of Fig. 6 with 4, j swapped.

O
Theorem 4.7. A non-degenerated N has five possible topologies as in Fig. 7.
Proof. For a non-degenerated N, we suppose that ¢(r;) = £(¢g;) = 1 and start our argument
by considering ¢;(2) and g;(2). By Lemma 4.5, we have the following two cases:

1) gi(2) Cr; and g;(2) C 7. In this case, by Lemma 4.5, we infer that r;(2)  g; and hence
r;(2) € g;, which implies that ¢;(2) = r;(2) (due to the acyclicity of N'). We then
further consider the following two subcases:

1.1) £(g;) =2.
1.2) £(g;) > 2.

In Case 1.1), it is easy to see that ¢;(2) = 7(2), which leads to the following two
subcases:

1.1.1) £(g;) = 2. In this case, N has the topology as in (a) of Fig. 7.

10
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Figure 7: Possible topologies of a non-degenerated N

1.1.2) ¢(g;) > 3. In this case, ¢g;(3) € r;. By Lemma 4.5 and the acylicity of the
network, we have g¢;(3) = 7;(3). Moreover, it holds true that ¢(g;) = 3 since
otherwise if g;(4) C 7, again by Lemma 4.5 and the acyclicity of the network,
we have g;(4) = 7(3) and hence r;(2),7,(3) C g;, which contradicts Lemma 4.5.
Hence, in this case, N is topologically equivalent to (b) of Fig. 7.

In Case 1.2), since ¢;(2) C r;, we have ¢;(3) C ;. Since ¢;(2), ¢;(3) C r;, we will deal
with the following two subcases:

1.2.1) g;(2) = r(2) and ¢;(3) = r(3). In this case, if ¢(g;) > 3, then by Lemma 4.5,
9;(3) C r;, which however would imply g¢;(2,3) and ¢;(2,3) form an r-crossing.
Hence, we have ¢(g;) = 2. Now, if ¢(g;) > 4, then by Lemma 4.5, g;(4) C rj,
which further implies g;(4) = r;(3). Hence, r;(2),r;(3) C g¢;, which contradicts
Lemma 4.5. Hence ¢(g;) = 2,{(g;) = 3, and N has the topology as in (c) of Fig. 7.

1.2.2) ¢;(3) = m(2) and g¢;(2) = r;(3). In this case, if (g;) > 4, then g;(4) C r; and
hence g¢;(3,4) and g;(1,2) form an r-crossing, which is a contradiction. Thus,
¢(g;) = 3 and then we will consider the following two subcases:

1.2.2.1) ¢(g;) = 2. In this case, we conclude that N has the topology as in (d) of
Fig. 7.

1.2.2.2) 4(g;) > 3. In this case, by Lemma 4.5, we have g;(3) C r;, which further
implies g;(3) = 7;(3). Now, if ¢(g;) > 4, then by Lemma 4.5, g;(4) C r,
which further implies g;(4) = 7(4) and hence r(3),7,(4) C g;, which contra-
dicts Lemma 4.5. Hence ¢(g;) = 3 and we conclude that N has the topology as
in (e) of Fig. 7.

2) ¢/(2) € r, and g¢;(2) C 1. In this case, via a relabelling if necessary, we can assume

gj(2) = r(2) and ¢;(2) = r(3). By Lemma 4.5, we have ¢;(3) C r; and g;(3) C ;.
Then, we will consider the following two subcases:
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2.1) g;(3) = 14(2);
2.2) gi(3) = 1;(2).

It is easy to see that 2.1) is impossible since otherwise r;(1),r;(2) C g;, which contra-
dicts Lemma 4.5. Hence, we have 7;(2) C g; and 7(2) C g;. By switching the labels of
sinks and relabeling sources s;, s; as s, s;, respectively, we will reach Case 1), which
has been dealt with before.

O

The following corollary can be obtained by inspecting (a)-(e) of Fig. 7 and will be used
later. For two vertices u,v € V, denote by u < v if u = v or there exists an u-v directed
path; and for two paths py, pe, denote by py < p if tail(p;) < tail(ps).

Corollary 4.8. For a non-degenerated N with £(r;) = €(g;) = 1, we have:

1) 0#ginry=r;2) and O#rNg;=g;(2).

2) EitherryNg; =0 (i.e., £(r)) =(g:)) =2) orriNg; #0 (i.e., £(r;) = L(g:;) = 3).
3) If ;N g; # 0, then either

rNg; <rNg andr;Ng <rNg;, (6)

or
rNg <rNg <rjNg (7)

or
riMNg <rNg <rngj. (8)

For example, (a)-(b) of Fig. 7 satisfy r,Ng; = 0 and (c)-(e) of Fig. 7 satisfy r;Ng; # () (more
specifically, (c) satisfies (6) while (d)-(e) satisfy (7)). Clearly, for any non-degenerated N with
0(r;) = €(g;) = 1, by swapping the two sinks t,ts (i.e., swapping 7, g) and swapping the two
sources s;, s; (which keeps the topology of A/ unchanged), the property £(r;) = £(g;) = 1 still
holds. However, this transformation maintains the inequality (6) but swaps the inequalities
(7) and (8). Note that the two networks satisfying (8) are not drawn in Fig. 7 since they
have the same topology as in (d) and (e).

5 Minimal 3-pair Networks

Throughout this section, we consider a minimal 3-pair network A'. We say that N is stable
if the choice of P is unique, and unstable otherwise. For any feasible i # j and any choice
of Py, and Py, let Ny, == U Peptiuptjp be the regular (3,2)-network induced by P,, and
P;,. The following fact will be frequently used: for each minimal 3-pair network A and
each feasible ¢ # j, there exists a choice of P;, and Py, such that Ay, is a minimal (3,2)-
network. Note that according to Lemma 3.6, A is unstable if and only if it contains at least
one Py -semi-cycle C', which is not necessarily a Py,-semi-cycle in MV, 4, or a Py-semi-cycle in
Ni, 4, as illustrated in Fig. 8. Throughout this section, we assume that 4,7j,1 € {1,2,3} are
distinct.
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S1 52 53 S1 52 53

U1
V2 U2
vy U
V4
Us
1 fs ty ty t3 ts
(a) (0)

Figure 8: Two minimal 3-pair networks, where (a) is stable and (b) is unstable. In (b),
P, +, € P can be chosen as either [sy, v, v2, v3, V4, Us, ts] or [sq, vy, ug, us, U4, Vs, t3], and there is

a Py,-semi-cycle C' = C’1 UC'Q of order 1 such that Cl [v1, V2, V3, V4] and 02 [v1, U, ug, v4].
If P, 1, is chosen such that C) C P, 1, (Tesp. Cs C Py, 1), then Cy (resp. Cy) is a Py,-crossing
in M, 1, (resp. Ni, 1) but not a Py,-crossing in N, 4, (resp. Niyty).

5.1 The Unstable 3-pair Network

We need the following several lemmas on an unstable 3-pair network N

Lemma 5.1. Any P, -semi-cycle C' is covered by Mi,tj7 e, C C Upeptiuptjp, for any
choice of Py, P

Proof. Suppose, by way of contradiction, that there exists an arc a C C'\ U Peptiuptjp. Let

C = 6’\1 U 6’;, where each é\z is a Py,-crossing. Without loss of generality, we assume a C C}.

Then, N '\ a is a regular 3-pair network by choosing P;, such that @ C Upep, P, which
violates the minimality of N. O

Lemma 5.2. Any semi-cycle is of order 1.

Proof. First of all, we choose Py,, Py, such that N, is a minimal (3, 2)-network. Then, by
Theorems 4.6 and 4.7, V,, ;, is topologically equivalent to one of the eight networks as shown
in Fig. 6 and Fig. 7. It can be readily verified that none of the three networks in Fig. 6
and the network in Fig. 7 (a) can cover any semi-cycle; and each of the other four networks
in Fig. 7 can cover a semi-cycle of order 1 but cannot cover a semi-cycle of order 2, which
completes the proof. O

Lemma 5.3. For any P-semi-cycle C and any Py,-semi-cycle C', C N C" = 0.

Proof. Suppose, by way of contradiction, there exists v € CNC". If v is the head of C, then
by Lemma 5.1 and the regularity of A/, v has an unique incoming arc and two outgoing arcs
such that one is a Py;-arc and the other is a Py-arc, for any choice of P, and Py,. It is easy
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to see that v ¢ C' since any point in a Py -semi-cycle cannot have the above property. Thus,
we conclude that v is not the head of C'. Similarly, we know that v is not the tail of C'. In
the same way, v is not the head/tail of C".

Suppose C' = C1UC, and C' = EZU@ By 1) of Theorem 3.3 and the above discussions,

C'NC" has no isolated points and hence we assume, without loss of generality, [u, v] C aﬂé\{
is a connected component of CNC". Clearly, we have deg™ (u) > 2 and deg~(v) > 2. However,
by the definitions of P;-semi-cycle and P; -semi-cycle, there exists a choice of Py, such that

[u,v] C Cy ¢ Upep, P and a choice of Py, such that [u,v] C 6'\{ 7 Upep,, P. Hence, [u,v] is
composed of pure Py -arcs, which, however, is impossible since deg*(u) > 2 and deg~(v) > 2
and the lemma is then proved. O]

Consider a Py,-semi-cycle C' which is covered by ./\/'thtj for some choice of P, and Py;. For
an arc a C (| if a is a Py-arc, by Lemma 5.3, a does not belong to any P;.-semi-cycle, and
then by Remark 3.7, a is a Py-arc for all choice of P;,. Hence, in the following, we define
the type of a Py -semi-cycle C' according to how it is embedded into A, ;, for all choice of

Py, and P;;. More specifically, suppose C' = 6\1 U 6\2, where 6\1 and 6\2 are two paths with
the same head and tail. Then, a P;-semi-cycle C' must be of the following three types:

Type 1: There exist P € Py, and @ € Py, such that 6’\1 C P and 6'\2 C Q. Fig. 7 (b) may
cover a Py -semi-cycle C of this type such that the head of C' is the tail of r;(1) = ¢,(1)
and the tail of C' is r;(3) = ¢;(3);

Type 2: None of C, and C, is covered by a path P € Py, or a path Q € Py,. Fig. 7 (c) may
cover a P,-semi-cycle C' of this type such that the head of C'is the tail of ;(1) = ¢;(1)
and the tail of C'is r(3) = ¢;(3);

Type 3: Only one of 6’\1 and 6'\2 is covered by a path P € Py, or a path @ € P;,. Fig. 7
(d) may cover a Py,-semi-cycle C' of this type such that the head of C' is the tail of
r;(1) = g;(1) and the tail of C' is 7(3) = ¢;(2).

Remark 5.4. If AV, ,, has the topology as in Fig. 7 (e), then it may cover the following
P,,-semi-cycles:

(1) The head of C' is the tail of r;(1) = g;(1) and the tail of C' is the head of 7;(3) = ¢;(3).
C is of type 1;

(2) The head of C" is the tail of r;(1) = g;(1) and the tail of C” is the head of 7(3) = g;(2).
C" is of type 3;

(3) The head of C” is the tail of g;(2) = r;(2) and tail of C” is the head of r;(3) = ¢;(3).
C" is of type 3.

For a minimal 3-pair network A, we say N contains a Py,-semi-cycle C'if there exists a
choice of Py, such that C is a Py-semi-cycle. For example, in Remark 5.4, if both P,-semi-
cycle C" and Py,-semi-cycle C” are contained in N, then Py, -semi-cycle C'is also contained
in A/ (Notice that C C C" U C"”). That is to say, if there exists a choice of Py, such that C’
is a Py,-semi-cycle and a (possibly different) choice of P;, such that C” is a Py,-semi-cycle,
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then there exists a choice of Py, such that C' is a Py,-semi-cycle. However, it is easy to see
that there does not exist a choice of P, such that all of C', C" and C” are P,,-semi-cycles
at once.

Lemma 5.5. Suppose that N contains a Py,-semi-cycle. If N contains no Py, -semi-cycle of
type 1, then it contains an unique P, -semi-cycle of type 2 or 3.

Proof. Suppose C' C Mi,tj is a Py,-semi-cycle for some choice of P;,, where ./\ftl.,t]. is a minimal
(3,2)-network. If Ny, has the topology as in Fig. 7 (b) (resp. (c), (d)), then by Lemma
5.1, C' is the unique Py -semi-cycle of type 1 (resp. 2, 3). If N, has topology as in Fig. 7
(d), then, it follows from the discussions below Remark 5.4 and the fact that N contains no
P,,-semi-cycle of type 1 that it contains an unique P, -semi-cycle of type 3. O]

We have the following theorem.

Theorem 5.6. For alll =1,2,3, if N contains no Py,-semi-cycle of type 1, then there exists
a choice of P such that all Ny, 1,, Niy 15 and Ny, 4, are minimal.

Proof. If N is stable, then there is nothing to prove. Hence, we suppose in the following
that there exists a Py -semi-cycle for some [ € {1,2,3}. If A contains no Py,-semi-cycle of
type 1, then by Lemma 5.5, A/ contains an unique Py,-semi-cycle C' = 6’\1 U 6’; of type 2 or
3. By the definition of type 2/type 3 semi-cycle, we assume, without loss of generality, 6’\1 is
neither covered by a path of Py, nor by a path of Py, for any choice of P;, and Py,. Clearly,
if we choose Py, such that 6’; C P, P € P, then C' is neither a Py,-semi-cycle in N;, 4, nor
a Py -semi-cycle in /\/;:j,tl, for any choice of Py, and Py,.

Since N contains no Py-semi-cycle of type 1 for all [ = 1,2,3, we can always choose P,
P,, and P, as above such that there is no semi-cycle in N, 4, Ny, 1, and N, 4,. The theorem
then follows from Lemma 4.1. O

Corollary 5.7. For alll =1,2,3, if N contains no Py,-semi-cycle C' of type 1 such that C
is either an uppermost Py -semi-cycle in Ny, 4, or an uppermost Py, -semi-cycle in Ny, 4, then
there exists a choice of P such that all Ny, 1,, Ny, 15 and Ny, 4, are pseudo-minimall.

Proof. By definition, we suppose C' = 6’\1 U 6; is a Py,-semi-cycle of type 1 such that 6\1 is
covered by a path of Py, and C is covered by a path of P;,. Hence, if we choose Py, such
that Cy C P, P € Py, then C' is a Py-semi-cycle in N, 4, but not a Py-semi-cycle in N, 4,;
and if we choose Py, such that Cy C P, P € Py, then C is a P;-semi-cycle in N, ;, but
not a Py -semi-cycle in NV, (see Fig. 8 (b) for an illustrative example). Hence, according
to Theorem 5.6 and by the assumption, we can choose Py, such that there is no uppermost
P, -semi-cycle in NV, ;, and Ny, ,,. For all | = 1,2,3, by choosing Py, as above, we obtain a
choice of P such that there is no uppermost semi-cycle in each of Ny, 4,, My, 1y and My, 4,
which completes the proof. Il

In the next section, we will prove that if all MV, 4,, Ny, 1, and Ny, ¢, are pseudo-minimal,
then there is a feasible linear multi-flow with rate (1,1, 1). To that end, we need first give a
detailed classification of such networks and give a forbidden structure in the next subsection.
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5.2 A Forbidden Structure

Given a choice of P of a minimal 3-pair network N, for each ¢ # j, consider the regular
(3,2)-network N, ;, and let

mﬁ’j ={l": ((Ps, 1) = 1},
where €(Ps, +,) (Ps, 1 € Py;) denotes the number of connected components of Py, ;, p,, (see
(5) for the definition). Note that we neglect the order of the two subscripts of m, i.e.,

m; ; = m},; and for notational convenience, if m; ; = {l}, we may simply write m; ; = I.

In Fig. 8 (a), one can check that mj, = 1, m{, = 3, mj3 = 1, m}{y = 3, mj3 = 1
and m3 4 = 3; in Fig. 8 (b), if we choose Py, , as [s2,v1, 02, 3,04, 05,13], then mj, = 1,
mi, = 3, mig = {1,3}, m}y; = {2,3}, m3; = 3 and mj, = 1; if we choose P, as
2,01, Up, U, V4, Vs, t3], then mi, = 1, mi, = 3, mjg = 1, m}y3 = 3, mj; = {2,3} and
m3 43 = {1,2}. Hence, for both (a) and (b) of Fig. 8, and each choice of P, we have N}, 4,,
My .ty and Ny, 4, are pseudo-minimal. The following theorem shows that some topological

structure, that is characterized by mﬁ’j, will not occur in a minimal 3-pair network N .

Theorem 5.8. There does not exists a choice of P such that m;j =1, mfj =1, mil =1,
mévl =7, mil =1 and m;l = j all hold at once.

Proof. Suppose, by way of contradiction, there exists a choice of P such that m}73 = miQ =3,
mig =mj, =2, m%g = m§73 = 1, where we have, without loss of generality, assume 7 = 1,
j=2and ! =3.

We first consider the case that A is unstable, and without loss of generality, suppose
there exists a Py,-semi-cycle C. By Lemma 5.1, C' is covered by N, +,, which is a minimal
(3,2)-network such that mj, = 3 and mj, = 1. By inspecting (a)-(e) of Fig. 7, it is not
hard to see that there does not exist a choice of P,,, which can guarantee a P;,-semi-cycle
and m$ 3 = mj 5 = 2, my 3 = 3, m3, = 1 all at once, which completes the proof for this case.

In the following, we consider the case that N is stable. As before, for notational conve-
nience, we will rewrite P, 4, P, +, and P, 4, as r;, g; and b;, respectively and rewrite Py, ,
P;, and P,, as r, g and b, respectively.

By applying 1) of Corollary 4.8 to Ny, +, and N, +,, respectively, we obtain () # by Ny =
b7 (2) and O # go N1y = ¢5(2), respectively. Hence, we have by N go # 0 (thus 3) of Corollary
4.8 can be applied to M, +,) and

blmg2 S blmTQ; (9)
biNge <riNgo,

since otherwise b/ (1,2) and g5(1,2) would form an r-crossing with order 2, contradicting the
minimality of /. Similarly, we have gz Nry # 0, ro Nbs # () (thus 3) of Corollary 4.8 can be
applied to Ny, 4, and N, 4,), and the following inequalities:

ggﬁTl Sggﬂbl;

{93ﬁ7’1§53ﬂ7’1, (10)
T2 M b3 < g M bs;

{mﬂbgﬁmﬁg& (11)
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According to 3) of Corollary 4.8, we have the following two cases:

Case 1) : There exist feasible ¢ # j such that N, satisfy (6). In this case, we infer that
either (7) by N g3 < by Ngo; 11N ge <11 Ngsor (i) roMNby < o Nbs; go Nbg < go N by or (di)
bs N1y < bsNry; g3 N1y < g3 Ny holds. Without loss of generality, suppose (i) holds, then
according to (9) and (10), we have

biNgs<biNg<riNg <rNgs<gs3nb,

which implies the existence of a cycle and contradicts the acyclicity of N.

Case 2) : None of Ny, 1,y Ny 1, and N, 4, satisfy (6). In this case, either (7) or (8) holds
for each of Ny, ;. If one of above (i)-(iii) holds, then we can obtain a contradiction by the
same arguments as in Case 1); otherwise, we have the following two subcases:

(21) biNgs <b1Nga <bsNga;gsNra < gsNry < go Ny Ny <9 Nbg <y M bs;
(22) b3Nga <biNga <biNgz; 92N < gsNry < gsNrgsry Nbg < g Nby < e N by
According to (9), (10) and (11), for Case (2.1), we have
biNgs<biNga<biNrg <bgNry < gsNry < gzNry < g3 Nby;
and for Case (2.2), we have
b3MNga <b1Nga<riNga<riNgs<riNby<r2MNbs < goNbs.

Hence, both cases yield a cycle, contradicting the acyclicity of M. The proof is then com-
pleted. Il

6 Main Result

In this section, we shall establish the Langberg-Médard multiple unicast conjecture for k = 3.
Without specified otherwise, we assume N is a minimal 3-pair network with a choice of P.
We first introduce some basic tools developed in our previous work [1]-[5].

6.1 Sy and g,(C)

For a strongly reachable k-pair network N = (V, A, S, T), given a choice of P, for any arc
a € A, define

s(a) :=={(i,j) € [k] x [k] : a C Py, y; € P} and Sy := {s(a) : a € A},
where [k] :={1,2,...,k}.

The following seemingly trivial lemma is fundamental in our treatment.
Lemma 6.1. If P, , NPy, =0, then {(i1, 1), (i2,J2)} € s for any s € Sx-.

Noticing that each arc of a strongly reachable network is passed by at most one path in
Pt]. = {Psl,tj7 PSQ’tj, . >Psk,tj}7 we have

Sy C Sy = {{(i1,71), (i2,J2)s -, (ir, 3r)} C [K] X [K] = J1, 72, - ., Jr are all distinct}.

For a minimal 3-pair network N, the following observation is useful.

17



Lemma 6.2. If there exists h such that h € mllj N mizl N mlSI for some feasible 1y, 15,13 and
distinct i, j,1, then either {(h,i), (h,7)} & Sx or {(h, i), (h, )} ¢ Sy

Proof. Without loss of generality, we assume h = 1. Then, noticing the paths P, ;,, Ps, 1,
and P, ¢, have a same tail s1, and for each feasible i # j, Py, ;,NP;, ;; has an unique connected
component, we see that at most one of {(1,1),(1,2)}, {(1,1),(1,3)}, {(1,2),(1,3)} belongs
to Sy, which completes the proof. Il

For a tuple of k X k matrices C = ((cﬁlj), (cg?j)), ce (cl(lz))) satisfying (4), given s € Sy

and [ € [k], we define

k
= >l and g.(€) =Y 19(C)
=1

(i,5)€s

The following theorem, whose proof is straightforward and thus omitted, will be used as
a key tool to establish our results.

Theorem 6.3. C is a feasible multi-flow with rate (1,1,...,1) if gs(C) < 1 for any s € Syr.

To avoid cumbersome wording, henceforth, A is said to be (linearly) solvable if there
exists a (linear) feasible multi-flow F with rate (1,1,...,1); meanwhile F is called a (linear)
routing solution of \.

6.2 Linear Routing Solutions

We first introduce some notations. For s = {(i1, j1), (i2, J2),- - -, (ta(s), Ja(s))} € Sar, define
the following multi-set:
Inds = {i17j1a i27j27 s 7ioz(s)7ja(s)}a

where «(s) denotes the size of s. For any feasible [, denote by mynq, (1) the multiplicity of
in Indg (if [ ¢ Inds, then my,q, (1) = 0). An element (i,7) € s is said to be diagonal if i = j;
otherwise non-diagonal. We use v(s) to denote the number of diagonal elements in s. For a
quick example, consider s = {(1,1),(2,2),(1,3)} C [3] x [3]. Then, Inds = {1,1,2,2,1,3},
Mind. (1) = 3, Mpna, (2) = 2, mpa,(3) =1, a(s) = 3 and ~(s) = 2.

Lemma 6.4. Let

111 -1 -1 1
C— T i1 1 o =t 1
t g =)' Vg 24 )0 1t
4 4 4 4 4 4 2

Then, for any s € Sk, gs(C) > 1 if and only if a(s) =3 and y(s) = 0.
Proof. The result can be obtained by considering the following 4 cases.

1) v(s) = 0. In this case, it can be verified that

5 als) =1
Zm;nds =2a(s) =14 1, as)=2;
%, a(s) =3
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2) v(s) = 1. In this case, it can be verified that

é %—l—%:l, a(s) =1;
(C): %4_1:17 :{(i,i),(i,j)},wherei#]’;
9s L s = {(,1), (k, )}, where i, j, k are distinct;
1, a(s) = 3.

3) v(s) = 2. In this case, it can be verified that g,(C) = 1.
4) ~(s) = 3. In this case, it obviously holds true that gs(C) = 0.
L

The following lemma can be obtained via straightforward computations and thereby we
omit its proof.

Lemma 6.5. If

Sy CS:={{(i,j)}:1<i,5 <3}
U{{(3,1),(5,2)} :i=2,37=1,2,3} U{{(1,1),(1,2)}}
U{{(i,1),(,3)}:i=1,2;1=1,2,3 U{{(3,1),(3,3)}}
U{{(jv2)’(l>3)}:jal:1>273}
U{{(1,1),(1,2),(1,3)} : 1 =1,2,3} U{{(2,1),(4,2),(,3)} : 5,1 =1,2,3}
U {{(37 1)’ (]a 2)7 (373)} : ] = 172’3}'
Then
30 3 00 0 =+ 0 %
C= 00 0 |,lo32 3 ], 0 F 3
o) \o b))\ B

is a linear routing solution of N .
We are now ready for the following theorem.

Theorem 6.6. If there exist distinct 4, j,1 € {1,2,3} such that mj ;0 {i,j} # 0 and m}; N
{i,1} # 0, then N is linearly solvable.

Proof. Suppose there exist distinct 4, j,1 € {1,2,3} such that mzz:,j N{i,j} # 0 and mﬁ’l N
{i,1} # (). To prove the theorem, we need to consider the following three cases:

1) i€ mﬁj N m::’l;
2) jemi;and | € m;

3) ie€mi;andl € mj;.
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In the remainder of the proof, without loss of generality, we assume ¢ = 1, j = 2 and
[=3.

For Case 1), since 1 € mj, Nmjs, then P, is disjoint from the strongly reachable
2-pair network N’ deduced by paths Pk, 1y, Ps; 1y, Psyts, Pssts- According to [3], N7 always

has a linear routing solution
1 -1
(1)1 1)
4 1

Hence, N has the following linear routing solution:

PN N [N
o | =

100 00 0 0 0 0
00 0 0% 1 0 -1 1

Y 41{47 4%
00 0 0o+ -1 0o 1

For Case 2), consider all s € Syr C S3 such that a(s) = 3. Let s = {(l1,1), (I2,2), (I3,3)}.
If I, = 1, then obviously y(s) # 0; if I; = 2, then since 2 € mj,, we have I, = 2 and hence
v(s) # 0; and if I; = 3, since 3 € mj 5, we have I3 = 3 and hence y(s) # 0. Thus, for any
s € Sy such that a(s) = 3, we have y(s) # 0. By Lemma 6.4,

111 11 B
A4 11 0 = 1
S-S U A - S T B i 1
07 0 7 7 i 1 2

is a linear routing solution of A/
For Case 3), since 1 € mj, and 3 € mj 5, we deduce from Lemma 6.1 that Sy» € S, where
S is defined in Lemma 6.5. It then immediately follows that N is solvable, as desired.  [J

We also need the following lemmas, which can be established by straightforward compu-
tations and whose proofs are then omitted.

Lemma 6.7. Let
S::{{(z,])}:1<ij<3}

U{{(,1),(5:2)} i =1,25 =23 U{{(L, 1), (1,2)},{(3,1), (3,2)}

U{{(5,1),(,3)} - i =231 =13 U{{(1,1),(1,3)},{(2,1),(2,3)}}

U{{(5,2),(1,3)} : j = 2,31 = 1,2} U{{(1,2),(1,3)},{(3,2),(3,3)}}
U{{(1,1),(5,2),(1,3)} -7 =1,2,3) U{{(2,1),(2,2),(1,3)} : I = 1,2}
U{{(2,1),(3,2),(1,3)} : 1 =1,2,3} U {{(3,1),(3,2),(1,3)} : L =1, 3}.
If Sy €S\ {(1,1),(1,2)}, then

1)
1)

Y

(
8 =1 =3 7 -4 = 0 2
i 14 4 4 T 11 1
DD (T4
1 T 00 0 U T
is a linear routing solution of/\/. If Sy €S\ {{(1,1),(5,2),(1,3)} : j = 2,3}, then
6 3 3 3 4 -1 3 1 2
12 12 ) 2 1
e O lp )ty e
s 0 =3 o L =L 3 1 g
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is a linear routing solution of N .



Lemma 6.8. Let

S:={{{j)}:1<ij<3}
U {{(Z’ ( ’2)} i=1,2 = 273} U {{(1’ 1)a (172)}7 {(37 1)7 (3’ 2>}}
U{(,1),(1,3)} i=2,31= 1,3} U{{(1,1),(1,3)},{(2,1),(2,3)}}
U{{(5,2),(1,3)} : 5 = 2,31 = 1,31 U{{(1,2),(1,3)}.{(2,2), (2,3)}}
U{(1,1),(5,2),(1,3)} -5 = 1,23 U{{(2,1),(2,2),(1,3)} : 1 = 1,2,3}
U{{( 1)7(3’2)7(7 )}2[21,3}U{{(3,1) ( ) (l73)} =1 3}

If Sy €S\ {(1,1),(1,2)}, then

Y

1)
D),
2)

I

[y

Y

-2
8
8
0

00|00 | 00O

=2
8
, 0
2
8

00| =00 N0 1N

00180010500 |
| ||
|
x|, ool
ool'oolwool'
[y
|
oolwoolm o

is a linear routing solution of N'. If Sy € S\ {{(1,1),(1,3)}}
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is a linear routing solution of N .

6.3 Proof of Main Result
Lemma 6.9. If all Ny 1y, Niy s and Niy 4, are pseudo-minimal, then N is linearly solvable.

Proof. If there exist distinct 4, j,1 € {1,2,3} such that m} ;N {i,j} # 0 and m}, N {i,1} # 0,
then A is linearly solvable by Theorem 6.6. So we suppose in the remainder of the proof
that for any distinct 4, 7,1 € {1,2,3}, either m} ; = or m}, = j.

Without loss of generality, we assume m! ; = [ Then, by the pseudo-minimality of
Ny, t;» We have mi’j N{i,j} # 0. So, we assume ml; ; = i since otherwise  is linearly solvable
according to Theorem 6.6. Then, by the pseudo-minimality of Ny, ¢, we have mj LG #0.
So, we assume m%yi = j since otherwise N is linearly solvable according to Theorem 6.6. Then,
by the pseudo-minimality of N, ,, we have mj,; N {i,1} # 0.

By the above discussions we finally have [ € mj g+ J € mZ ;and 7 € mj Consider the
ik 2)z€m”, i 2)
ZEm'landJEmﬂ,Q”)jEm lEmlandZEm zEmland
J € mjl, 3)ie m”, lemi andl € ml; 3") jeml, o 4)iemly,
I € m, and j € m},. It can be readily verified that Cases 2’) and 2”) can be obtained from
Case 2) with the relabelling ¢ — j, j +— [, [ — 4, and moreover, Cases 3') and 3”) can be
obtained from Case 3) with the relabelling i +— [, j + 4,  — j. So, in the following, we only
need to consider Cases 1),2),3),4).

For Case 1), without loss of generality, we assume ¢ = 1, j = 2 and [ = 3 and thus
2 €mi,, 1 €mygand 3 € mjy. Hence, Py, 4y, Psyy, and Py, 4, are pairwise disjoint and the

zEmzlandlem
jl,B)ZEm”,
lem”andjEm

following cases: 1) j € m];, i € m{, and | € m!

1]7

.]Emzj7 INE
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network has a linear routing solution

100 000 000
000, lo1o0],[000
000 000 00 1

For Case 2), without loss of generality, we assume i = 1, j = 2 and [ = 3 and thus
Lemiy,NmisNm3s; 2 € misand 3 € my,Nmj,. It then follows from Lemmas 6.1 and
6.2 that either Syy € S\ {(1,1),(1,2)} or Sy €S\ {{(1,1),(5,2),(1,3)} : 5 = 2,3}, where
S is defined in Lemma 6.7. Hence A is solvable, which proves the theorem for Case 2).

For Case 3), without loss of generality, we assume ¢ = 1, j = 2 and [ = 3. It can be
readily verified that 1 € mi, N'mjs Nmss; 2 € mi s Nm3, and 3 € mj,. It then follows
from Lemmas 6.1 and 6.2 that either Sy C S \ {(1, 1) (1, 2)} orSy CS \ {{(1,1),(1,3)}} \
{{(1,1),(4,2),(1,3)} : j = 2,3}, where S is defined in Lemma 6.8. Hence N is solvable,
which proves the theorem for Case 3).

For Case 4), if there exist feasible i # j such that m; ; is not singleton, then N falls
into at least one of the previous cases and hence is linearly solvable. So, we assume m 5 s
singleton for all feasible @ # j, which however is impossible by Theorem 5.8. The proof is
then completed. Il

We are now ready for our main result. As before, we will adopt the same notations
as in the proof of Theorem 5.8, i.e., we will rewrite P, ¢, Ps, 1, and Py, ¢+, as r;, g; and b;,
respectively and rewrite P, , P, and Py, as r, g and b, respectively.

Theorem 6.10. Any strongly reachable 3-pair network is linearly solvable.

Proof. Tt suffices to prove that any minimal 3-pair network N is linearly solvable. By Corol-
lary 5.7 and Theorem 6.9, we suppose N contain a b-semi-cycle C' of type 1 such that C' is
either an uppermost b-semi-cycle in N, 4, or an uppermost b-semi-cycle in N, ;,. Note that
C is covered by a minimal (3,2)-network N, ¢,, we have the following two cases:

Case 1) : N, 4, has the topology as in Fig. 7 (b). In this case, as shown in Fig. 9 (a),
let /(1) = [si,n], 7{(1) = [sj,vg] /(1) = [si,v3], 7§(2) = [va,v5], gj(2) = [ua,us] and
7’?(3) = [vg, v7]. Then, C' = C’1 UCQ, where C’1 [V, V4, V5, V6] and 6’\2 = [vg, ug, us, vg]. Since
C is an uppermost b-semi-cycle in either N, 4, or My, 1, we have either [s;, va, v4, v5, v6] C b;
or [sj, Vg, uq, us,v6] C b;. As a result, we have s([s;,v2]) = {(j, 1), (4,2),(4,3)} and by the
regularity of N, a := b; N [vg, v7] is an arc such that s(a) = {(4,1), (4,2), (4, 3)} as shown in
Fig. 9 (b). For the two choices of b;, we have:

(1)if C1 C by, then s([og, v5]) = {(j, 1), (i, 2), (4, 3)}, s([us, us)) =

- { 2) (12)
(2) if G C by, then s([ug, us]) = {(I, 1), (4,2), (4, 3)}, s([va, vs]) = {(, 1), (i,2)}.

Now consider paths b; and b;. Clearly, b;N[s;, ve] = biN[va, v5] = b;N[ug, us] = biN[s;, va] =
by N [vg, v5) = by N [ug, us] = 0 and it is also not hard to see that b; N [ve, v7] = by N [ve, v7] = 0.
We have the following two cases.

Case 1.1) b; N [s;,v3] = b N [s;,v1] = (. For this case, we shall prove N is linearly
solvable by Lemma 6.4. Noticing that s([s;,v1] Nb;) = {(¢,1),(4,2), (2,3)}, s([sj,ve]) =
s(a) ={(4,1),(4,2),(4,3)} and s([s;,v3] Nb) = {([,1),(L,2),(l,3)}, and by (12), we choose
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Figure 9: Illustrations for the proof of Case 1) of Theorem 6.10. In (b), we choose b; such
that Cy C b; and s(b; N [ve, v7]) = {(4, 1), (5,2), (4, 3)}-

6'\1 C b; if j = 1 and choose 6’\2 C b; if j = 2 (we arbitrarily choose 6'\1 C bj or 6\2 C b, if
j = 3). Then, for all s € Sy such that a(s) = 3, we have v(s) # 0, which completes the
proof for this case.

Case 1.2) b; N [s;,v3] # O or by N [s;,v1] # 0. Without loss of generality, we suppose
b; N [s;,v3] # (0. In this case, a’ := b; N [s;, v3] is an arc such that s(a’) = {([,1),(1,2), (z,3)}
and by the minimality of N, it is not hard to see b|, = b|, = b (1) = b7(1). As a result, if
[ = 3, the network can be solved by

3 Lo -1 19 000
iflo 1430 00 0
4 4 4 4 ) )
0O 0 O 0 00 0 0 1

otherwise, we have either i = 3 or j = 3. If 1 = 3,j = 1, we choose 6’\1 Cbyife=3,7 =2,
we choose 6’; C bj; and if j = 3, we arbitrarily choose 6'\1 C bj or 6’; C b;. For all the above
choices of b;, we have that for all s € Sy such that a(s) = 3, y(s) # 0, and hence N is
linearly solvable by Lemma 6.4.

Case 2) : My, +, has the topology as in Fig. 7 (e). In this case, we define v1-v7, uy, us in the
same way as in Case 1) and let r{(2) = [wy, w;], as shown in Fig. 10 (a). Then, N contains
the type 1 b-semi-cycle C' = Ch U 6’;, where C; = [V, V4, V5, V] and Cy = [vg, Uy, us, vg]. Let
(vs, Wy, Wy, uy) = Vs, Wy, ws, ug] \ {5, us}, we have two subcases according to Remark 5.4:

2.1) (vs, wy, ws,ug) N (Us_,by) = 0. In this case, noticing that a(s([wy,ws))) = 2 for any
choices of b;, similarly as in Case 1), AV is linearly solvable.

2.2) (vs,wy, ws,us) N (U5_,by) # 0. In this case, since C' is an uppermost b-semi-cycle in
either My, 4, or Vi, 1, we have either [s;, va, vg, v5, V6] C b; or [s;, Vo, ug, us, vg] C b; and hence
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Figure 10: Illustrations for the proof of Case 2) of Theorem 6.10. In (b), we choose path b,
such that C; C b; and s(b; N [vg,v7]) = {(4,1),(4,2), (4,3)}. We have [s;,v3,ws] C b and
hence s(b; N [wy, ws)) = {(1, 1), (4,2), (1,3)}.

(vs, Wy, w5, ug) N b; = 0. Moreover, by the minimality of N, (vs, wy, w5, ug) N b; = (). Hence,
we have (vs, wy, ws, uy) N by # (. Furthermore, we can see that [s;, v3,wy] C by, as shown in
(b) of Fig. 10, which further indicates g, = gilp = g7 (1) = ¢P(1). Hence, if [ = 2, A can be
solved by

39 1 00 0 11
00 0 |, lo1to],[ o o0
Lo -1 00 0 1o 3

If [ # 2, using the fact that s([wy, ws) N ) = {(l,1), (4,2), (1,3)} and Lemma 6.4, the same
1

arguments as in Case 2.1) will yield that N is linearly solvable, completing the proof. O
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